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A development of the theory of the dynamic edge effect [1, 2] applied to the
free vibrations of thin elastic orthotropic shells is given, It is assumed that the
lines of curvature, the principal directions of elasticity and the lines along which
the boundary conditions are given all coincide, The properties of the character-
istic roots of the equations governing the kind of damping rate of the edge effects
are investigated, Necessary and sufficient conditions are established for nonde-
generation of the edge effects as a function of relationships between the princi-
pal curvatures and the shell elasticity coefficients,

1, Let us use the asymptotic method [1, 2] to evaluate the free vibrations frequen-
cies of a thin elastic orthotropic shell whose principal directions of the material elasti-
city coincide with the coordinate lines z,, z,, which are the lines of principal curva-
tures, We assume compliance with the conditions for applicability of equations of Via-
sov type and let us write the dimensionless equations for the preeminently bending vib-
rations modes as [3] (1.1)
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Here we have introduced the following dimensionless variables and parameters
q=akgy Ea= kg ve= whko, P = @Byulakd, 0 =Q/Q, x=
Ry [ Ry, dy = (Dyy [ Dyp)'ls, dpp = Dy | (DyaDys)"* = v, / dyy +
2y (4 — w2/ d,Y), by == By / Bay, by = By, / Byy =1/ (2ydy;) —

Vildy® Yy = G/ (EE)'2, ko= By R, (D, D,y =
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where R,, R, are the principal radii of curvatures,w, ¢ are the normal deflection and
force function in the middle surface, respectively, ph is the surface mass density, Q is
the free vibrations frequency, D;. and Bjx are matrix elements of the cylindrical stiff-
ness and the compliance under membrane deformation, Ey, E;, vi, v, (Esvy = Ev,), G
are the elastic constants of the shell material, The line with least curvature in absolute
value is taken as z; and hence | | << 1.

We seek the solution of (1.1) in the domain distant from the shell edges in the form

v=Vysinky (§ — &°) sin ky (&, — E,°), (1.2)
Y= ¥y sin &y (§; — &,°) sin ky (E;, — E,°)

where &, kq are dimensionless wave numbers, &;°, &.° are phase constants, Then the
asymptotic formula for the free vibrations frequencies of the shell

0 = dyyky* + 2diak Pko? + dyy Tkt - (B 4 xke?) Ry + 200k %K% 4 bkatlTY (1, 3)

is easily obtained from (1,1) and (1,2). The corresponding wave numbers in the case of
nondegeneration of the dynamic edge effect are found from the joint equations according
to the procedure of the asymptotic methed [1],

We investigate the condition for degeneration of the dynamic edge effect in orthotro-
pic shells, Let us first consider the edge §; = 0. Near the edge the generating solution
(1, 2) should be corrected by solutions of the dynamic edge effect rype

v, B =V E)sinky (§ — &) V(G ) =¥ (E)sinky B2 — &) (1.4)

After substituting (1, 4) into (1, 1) we obtain a system of ordinary differential equations
in the functions v (§,) and ¥ (§;). The characteristic equation of this system has two ob-
vious roots A == =+ ik;, which correspond to the generating solution (1,2), After elimina-
ting these roots, we arrive at the following equation

aoxo - all‘4 + azxz - Qg == 0 (1. 5)

Here
ag = dyy,  ay = 2 (biadyy + dya) kg + dyyks® (1.6)

ag = (bydy + 4bpadia)ks? -+ 1 4 2bydyke ®hg® — (e + ko
ag = 2byydigk,® + 23ka? 4 bydyky gt - ka® — (ky® + 3ka?)? (ky® + 2bygks?) f
f= Ue* + 2byaky?ky® + byykg!)?
Under homogeneous boundary conditions,a correcting solution of the dynamic edge
effect type can always be constructed if three roots of (1, 5) have negative real parts{1],
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In cases when the correcting solution cannot possibly be constructed, we speak of dege-
neration of the dynamic edge effect at the appropriate edge, Analogous computations
for the edge &, = 0 result in the following expressions for the coefficients of (1, 5)

g = budy™, oy = 2 (budys + buadny ™) ki® + bpady k1 1.7
8y = (dyy™" + 4bradio)ley® -+ 2bagdyy ey + x — by (ke A+ WS
ay = 2dygky® + dyyUeyteg® 4 2k 4 yPhe? — (burka® + 2bysky®) (Ry® + Xk

The dynamic edge effect in orthotropic shells will be degenerate if degeneration oc-

curs at least at one of the edges,
We set s == --A2, We then obtain from (1, 5)

a® 4 4182 + ags + ag = 0 (1. 8)

In order for solutions of the dynamic edge effect type to exist, it is necessary and suf-
ficient that (1, 8) have no positive roots, As is seen from (1,6), (1, 7), the coefficients ay
and g, are nonnegative, For a3 <0 Eq, (1, 8) has one positive root independently of
the sign of 4,, This follows from the theorem of Descartes, Therefore, the condition
ag > 0 is necessary for no positive roots, Let us show that this condition is also sufficient,
To do this, it is sufficient to show that (1, 8) has two complex-conjugate roots for ag > 0
and a3 < 0 (upon compliance with these conditions there is one negative root), This lat-
ter will hold if D > 0, where D is the discriminant of the polynomial (1, 8), It is easy
to see that we have D < 0 for ¢; = 0 and a, <0, Therefore, the boundary of the do-
main of dynamic edge effect degeneration is determined by the equation ay = 0.

If we go over to polar coordinates &, = rcos @, %, = rsin@ (0 < o< an/2) inthe
plane of the wave numbers, then the equation of the boundary of the degeneration domain
becomes for the edges &, = 0 and §, = 0, respectively

- [(x" — bu) cos? @ + 2% (xbsz — bu) sin*@] e
r= {budy cos®p }- 2biidi2 sin2g) F (@) . =0

p o [t — X% sin®@ + 2 (bs —¥) cos*p 7 £2 = 0
B { (@5} sinp -+ 2d1a cosiq) F (q) ] T

F (@) = cost @ -+ 2byy sin? @ cos? ¢ - by, sinty
We hence obtain the corresponding conditions for existence of an edge effect

(X2 — byy) cos® @ -+ 2% (g — byy) sin? @ <O, & =0
(byy — ¥D sin? @+ 2 (b — Peostp <O, E =10

It is seen that the existence of a dynamic edge effect and its degeneration depend
only on the ratio between the principal curvatures and the ratio between the compliance
matrix elements under membrane deformation, However, the degeneration domains de-
pend on the relationships between the elements of cylindrical stiffness matrix, As in the
case of isotropic shells [1], the dynamic edge effect can be oscillatory and nonoscillatory,
Shown in Fig, 1 are the degeneration domains for the dynamic edge effect for different
values of X for £,/ Ey = 0.4, v, = 0.3, y= (4 + vy)"1/ 2 (a) E,/ Ey = 10, v; = 0.3,
vy= {1+ v,)"1/2 (b). The edge effect at the edge with greatest curvature (&, = 0) is
nondegenerate for a shell of nonnegative Gaussian curvature if 0 <y < by / byy. For
E, ! E; > 1 we canhave by / by, <1, and in this case degeneration of the dynamic
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edge effect is possible, Let us note that the edge effect in the case of isotropic shells
is always nondegenerate,
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Fig, 1

Another singularity inherent in orthotropic shells of nonnegative Gaussian curvature,
appears at the edge with lesser curvature (£, = 0). The edge effect is not degenerate
for X > (Ey / E,)"s, If Ey/ E, < 1,then ¥ are found such that the edge effect will be
nondegenerate, Therefore, for £, / By >> 1 there exist values of ¥ for which the edge
effect will be nondegenerate along any of the principal directions,

In this sense, the range of application of the asymptotic method to orthotropic sheils
is broader than for isotropic shells of corresponding geometry,
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The dynamic stability and resonance modes for parametric vibrations of a visco-
elastic bar subjected to a harmonic force are investigated by the method of ave-
raging [1—3], The connection between the stress and strain is given as the sum
of multiple integrals [4—6],



